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Abstract. A polynomial / is said to have the half-plane property if there is 
an open half-plane H C C, whose boundary contains the origin, such that / 
is non-zero whenever all the variables are in H. This paper answers several 
open questions relating multivariate polynomials with the half-plane property 
to matroid theory. 

(1) We prove that the support of a multivariate polynomial with the half- 
plane property is a jump system. This answers an open question posed 
by Choe, Oxley, Sokal and Wagner and generalizes their recent result 
claiming that the same is true whenever the polynomial is also homoge- 
neous. 

(2) We prove that a multivariate multi-affine polynomial / £ M.[zi , . . . , z n ] 
has the half-plane property (with respect to the upper half-plane) if and 
only if 

"H— W ' a — ( ) - a fl ( x ) ' f( x ) > 

OZi OZj OZiOZj 

for all x S M" and 1 < i,j < n. This is used to answer two open questions 
posed by Choe and Wagner regarding strongly Rayleigh matroids. 

(3) We prove that the Fano matroid is not the support of a polynomial with 
the half-plane property. This is the first instance of a matroid which does 
not appear as the support of a polynomial with the half-plane property 
and answers a question posed by Choe et al. 

We also discuss further directions and open problems. 

1. Introduction 

Let H C C be an open half-plane whose boundary contains the origin. We 
say that a multivariate polynomial with complex coefficients is H- stable if it is 
nonzero whenever all the variables are in H. Often H — {z £ C : Im(z) > 0} or 
H = {z 6 C : Re(z) > 0}. If / is i7-stablc for some H, then / is said to have 
the half-plane property. If H is the upper half-plane we say that / is stoW^j, and 
if H is the right half-plane that / is Hurwitz stable. Multivariate polynomials with 
the half-plane property appear (sometimes hidden) in many different areas such as 
statistical mechanics [TH [20l [25] , complex analysis [El EI] , differential equations 
[H [TT] , engineering [21 US] , optimization [T3] and combinatorics [31 El [Zl EH Ell El 
132] , Recently a striking correspondence between polynomials with the half-plane 
property and matroids was found [6]. Choe, Oxley, Sokal and Wagner proved that 
the support of an if-stable multi-affine and homogeneous polynomial is the set of 
bases of a matroid. A polynomial is multi-affine if it has degree at most one in each 
variable. The study of the relationship between polynomials with the half-plane 
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property and matroid theory has since then been continued in a series of papers 
[3 El [13l [31] E2] where several interesting open questions have been raised. In this 
paper we answer some of these open questions and pose others. 

What if a polynomial with the half-plane property is neither homogeneous, nor 
multi-amne? What can then be said about its support? In [BJ the problem (Problem 
13.3) was raised to find a necessary condition for a subset T C N n to be the support 
of a polynomial with the half-plane property. In Section[3]we prove that the support 
of a polynomial with the half-plane property is a jump system. A jump system is 
a recent generalization of matroids introduced by Bouchet and Cunningham [3] 
and further studied by Lovasz [26]. This also settles Question 13.4 of [6j. Prior 
to this paper no matroids were known not to be the support of a polynomial with 
the half-plane property and in [6j the question (Question 13.7) was raised if every 
matroid is the support of an H-staMe polynomial. In Section [6j we prove that the 
Fano matroid, i*V, is not the support of a polynomial with the half-plane property. 
In Section [5] we prove that a multi-affme polynomial / £ M[zi , . . . , z n ] is stable if 
and only if 

df df d 2 f 

for all x £ K™ and 1 < i, j ' < n. This is used to answer two open questions in [7]. 
2. Matroids, Delta-Matroids and Jump Systems 

A matroid is a pair (A4, E), where M. is a collection of subsets of a finite set E 
satisfying, 

(1) M is hereditary, i.e., if B E M and AC B, then A G M, 

(2) The set, B, of maximal elements with respect to inclusion of M. respects 
the exchange axiom: 

A, B e B and x 6 A \ B => 
3y e B\A such that A \ {x} U {y} S B 
The elements of M. are called independent sets and the set B is called the set of 
bases of A4. For undefined terminology and more information on matroid theory 
we refer to [24"] . 

Bouchet [5] introduced the notion of a delta-matroid as a generalization of both 
the independent sets and the set of bases of a matroid. A delta-matroid is a pair 
(!F,E), where T is a collection of subsets of a finite set E such that UaefA = E 
and satisfying the following symmetric exchange axiom: 

A, B e T,x e AAB By 6 AAB such that AA{x, y} € T. 

Here A is the symmetric difference defined by AAB — (A U B) \ (A P\ B). The 
independent sets of matroids are precisely those delta-matroids that are hereditary 
and sets of bases of matroids are precisely the delta-matroids for which all the 
members of T have the same cardinality. 

Jump systems were introduced by Bouchet and Cunningham [3] as a generaliza- 
tion of delta-matroids, see also [25]. Let a,/3gZ™ and define |a| = J27=i \ a i\- The 
set of steps from a to (3 is defined by 

St(a, /3) = {a G Z B : \a\ = 1, \a + a - [3\ = |a - [3\ - 1}. 

A collection T of points in IP is called a jump system if it respects the following 
axiom. 
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Two-step Axiom: If a, j3 € T, a G St(a, /?) and a + a ^ J 7 , then 

there is a r € St (a + cr, (3) such that ct + a + t e J. 
Delta-matroids are precisely the jump systems for which T C {0,1}™ for some 
positive integer n. For examples of matroids, delta-matroids and jump systems see 
Section gj 

3. The Support of Polynomials with the Half-Plane Property 

An important property of iJ-stable polynomials is that they are closed under 
taking partial derivatives, see e.g., p~l f6l [25] . 

Proposition 3.1. Let f 6 C[zi, . . . , z n ] be H-stable. Then either df/dzi = or 
df/dzi is H-stable. 

If z\, ■ ■ ■ ,z n are commuting variables and a = (oti, . . . , a n ) G N™ we let z a — 
z" 1 ■ ■ ■ z% n . The support, supp(/), of a polynomial f{z) — X) Q eN™ a i a )z a € C[zi, . . . , z n 
is defined by 

supp(J) = {a G N n : a(a) ^ 0}. 
Equip Z™ with the usual partial order <, defined by a < (3 if on < /3, for all 1 < 
i < n. We write a < (3 if a < (3 and a ^ (3. Suppose that f(z) — X)o<7<k a {l) zl G 
C[zi, . . . , z n ] is an H-stable polynomial of degree k, in each variable and suppose 
that a, (3 G supp(/) with a < (3. Let 

= ^"V/ (V*)L 1/z = (l/zi, . . . , l/z„). 
It follows that z K f(l/z) is if-stable where = {"z : z G i?} = {z^ 1 : z G iJ}, and 
by Proposition ^. H it follows that g(z) is also 77-stable. For a — (a%, . . . , a„) G N™ 
and /eC[zi,...,z„] let 

gar = V_ <± , 

J dz^ dz% nJ 

Let 

f a Az) = d a [z l3 g(l/z)}. 
For a, /3 G Z n , let [a,/3] = {7 G Z" : a < 7 < /3} and (a, (3) = {7 G Z n : a < 
7 < /?}. Again, z"g(l/z) is ii-stable, so by Proposition 13.11 it follows that / Qj/ 3 is 
if-stable and 

supp(/ Q:/3 ) = {7-0:76 supp(/) n [a, f3]}. 
The next theorem says that the support of a polynomial with the half-plane 
property is a jump system. This theorem generalizes the main results of [6 (Theo- 
rem 7.1, Corollary 7.3) and [5] (Theorem 2) which say that the same is true when 
in addition the polynomial is homogeneous or all terms have degree of the same 
parity, respectively. 

Theorem 3.2. Suppose that f has the half-plane property. Then the support of f 
is a jump system. 

Proof. Since every half-plane can be written as H — {e l9 z : Re(z) > 0} for some real 
0, it follows that / is -H-stable if and only if f(e~ z9 zi, . . . , e~~ 10 z n ) is Hurwitz stable. 
Moreover, supp(/(z)) = supp(/(e _l9 z)), so we may assume that / is Hurwitz stable. 
Consider a, (3 G supp(/). Let fi(z) be the change of variables 

\zr x if on > fy, 
Zi otherwise 
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Figure 1. Supposed minimal counterexample. 
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and let 7 G N n be sufficiently large so that g(z) — z 7 /(/i(z)) is a polynomial. 
Clearly /(z) is Hurwitz stable if and only if g(z) is. Moreover a, ft £ supp(/) are 
translated to a\ft' G supp(<?), where a' < ft'. It follows that it is no restriction in 
assuming that a < ft, when checking the validity of the two-step axiom. 

Suppose that there is a Hurwitz stable polynomial / and a, ft G supp(/) with 
a < ft for which the two-step axiom is violated. Also, let / and a, ft be minimal 
with respect to \a — ft\. Note that if /, a, ft G supp(/) constitutes a counterexample 
then so does f a ,p, 0, ft — a € supp(/ a ^). Hence we may assume that our minimal 
counterexample is of the form f(z) = 0(7)2: 7 G C[z\, . . . , z n ] with a(0)a(ft) =/= 0, 
fti > for all 1 < i < n and supp(/) C [0, ft]. 

Let ei, . . . , e„ be the standard orthonormal basis of M™. By symmetry we may 
assume that a = e± in the two-step axiom. Then by the failure of the two-step axiom 
for this counterexample we have ei, 2ei, ei + e2, . . . , ei + e n ^ supp(/), see Fig. [1] 
(If fti = 1 then 2ei ^ [0,/?], and since supp(/) C [0,ft] this gives 2ei ^ supp(/).) 
If there was a £ G (ej.,/3) fl supp(/) then there would be a smaller counterexample 
/o,c- Hence, if 7 G N" with 71 > then a(j) = unless "f — ft- Let A > and let 
r = 1/ fti yi_g /3i. Then the univariate polynomial /(A _r z, Az, . . . , Az) is Hurwitz 
stable. Letting A — > we end up with the polynomial 



which is then Hurwitz stable by Hurwitz's Theorem (on the continuity of the zeros 
of a polynomial), see e.g., [51 Footnote 3] for the appropriate multivariate version. 
We cannot have \ft\ < 2, since then the two-step axiom would be valid, so \ft\ > 3. 
This gives a contradiction since, when n > 3, at least one of the nth roots of a 
non-zero complex number is in any given half-plane whose boundary contains the 
origin. □ 

An immediate corollary of Theorem 13.21 is a positive answer to Question 13.4 of 



Corollary 3.3. The support of a multi-affine polynomial with the half-plane prop- 
erty is a delta-matroid. 



a(0) + a{ft)z^, 



6J. 
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Also Theorem 7.1 of [6] follows. 

Corollary 3.4. The support of a multi-affine and homogeneous polynomial with 
the half-plane property is the set of bases of a matroid. 

Remark 3.5. Recall that the Newton polytope of a polynomial is the convex hull 
of its support. In [1] it was shown that the convex hull of a jump system is a so 
called bisubmodular polyhedra, and conversely that the integral points of an integral 
bisubmodular polyhedra determine a jump system. It thus follows that the Newton 
polytope of a polynomial with the half-plane property is a bisubmodular polytope. 

A polynomial is real stable if it is stable and all coefficients are real. It follows that 
a polynomial / £ M[zi, . . . ,z n ] is real stable if and only if for all lines z(t) = Xt + a, 
where A £ R™ and a £ R™, the polynomial f(z(t)) has all zeros real. Here R+ 
denotes the set of all positive real numbers. In particular, a univariate polynomial 
with real coefficients is real stable if and only if all its zeros are real. 

Example 3.6. A finite subset T of N is a jump system if an only if it has holes of 
size at most 1, i.e, 

i,k £ T \i < k and j ^ T for all i < j < k => k — i < 2. 

Are all finite jump systems in N supports of polynomials with the half-plane prop- 
erty? Yes! In fact, if we assume that £ T then there is a real-rooted polynomial 
/ with simple zeros such that T — supp(/). The proof of this is by induction over 
the maximal element of T . If 1 € J- then 

Ti = {i - 1 : i > 1,2 £ T} 

is a jump system with Qs.Fi. Hence, by induction, there is a real- and simple- 
rooted polynomial g such that supp(<7) = T\. If e > is small enough then e + zg 
will be real- and simple-rooted and supp(e + zg) = T . 

If 1 ^ J- then T = {0} or 2 £ T . In the latter case we have that 

T 2 = {i-2:i>2,i£T} 

is a jump system with £ J-%. Hence, by induction, there is a real- and simple- 
rooted polynomial g such that supp(g) = J-2- For small e > the polynomial 
—6(7(0) + z 2 g will be real- and simple-rooted and supp(— eg(0) + z 2 g) = T . 

A well known property of real-rooted polynomials with non-negative coefficients 
is that the coefficients have no internal zeros, i.e., if f(z) = ao + a\z + • • ■ + a n z n 
is real-rooted and at > for < i < n, then 

i < j < k and a^afe ^ => aj ^ 0. 

This extends to several variables: 

Corollary 3.7. Let f be a real stable polynomial with nonnegative coefficients. If 
ct < j < (3 and a, (5 £ supp(/), then 7 £ supp(/). 

Proof. If the corollary is false then there is a real stable polynomial / with non- 
negative coefficients, and points a, (3 £ N" with a < f3, a, (3 £ supp(/) but 
a + e,i ^ supp(/) for some 1 < i < n with a + < [3. By the two-step axiom there 
is a 1 < j < n such that £ = a + ei + ej £ supp(/). Now, f a ^ = a + bzj + cziZj, 
a, b, c > 0, ac > is real stable. If i = j then f a ^ = a + czf is not real stable, so we 
must have i ^ j. By letting Zi = Xz and Zj — X~ 1 z, and letting A — > 00 we have by 
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Hurwitz's theorem that the univariate polynomial a + cz 2 is real stable. This is a 
contradiction. □ 

4. Applications of the Support Theorem 

Here we give examples of -ff-stable polynomials and their supports. 

Lemma 4.1. Let Ai be complex positive semidefinite n x n matrices and let B be 
complex Hermitian. Then 

f(z) = dctOiAj + • • • + z m A m + B) 

is real stable. 

Proof. By Hurwitz's theorem we may assume that the Aj's are all positive definite. 

Let z(t) = Xt + a, where A G K" and a e R™. Then P = X 1 A 1 H h X n A n is 

positive definite. Thus P has a square root, P 1 / 2 , and 

f(z(t)) = det(P) det(tJ + P^^HP- 1 / 2 ), 

where H = B + a.\A\ + • • • + a n A n is complex Hermitian. Hence f{z(t)) is a 
constant multiple of the characteristic polynomial of a Hermitian matrix, so all 
zeros of f(z(t)) are real. □ 

In two variables there is a converse to the above lemma, see pQ. 

Theorem 4.2. Let f(x, y) £ M.[x, y] be of degree n. Then f is real stable if and only 
if there are two n x n real positive semidefinite matrices A, B and a real symmetric 
matrix C such that 

f{x, y)=± det(xA + yB + C). 

The proof of Theorem 14.21 uses the Lax Conjecture on hyperbolic polynomials 
which was proved only very recently [22], see also [15l [30] . Let Z = diag(zi, . . . , z n ) 
be a diagonal matrix. Consequences of Lemma 14.11 are the following. 

• If A is a Hermitian n x n matrix then the polynomials det(Z + A) and 
dct(7 + AZ) are real stable, 

• If A is a skew-Hermitian n x n matrix then det(Z + A) and det(I + AZ) 
are Hurwitz stable. 

For annxn matrix A let A[S] denote the principal sub-matrix of A with rows and 
columns in A indexed by S C {1, . . . , n}. In [5] Bouchet proved that the set 

{S C {1, . . . ,n} : A [S] is non-singular} 

is a delta-matroid whenever A is a n x n symmetric or skew-symmetric matrix over 
a field. The proof is not trivial. However, when the field is C it follows as a corollary 
of Theorem [32] 

Corollary 4.3. Let A be a Hermitian or a skew-Hermitian n x n matrix and let 
T = {S C {l,...,n} : A[S] is non- singular}, where A[S] is the principal minor 
with rows and columns indexed by S . Then T is a A-matroid. 

Proof. The corollary follows from Theorem 13.21 and the fact that 

det(I + AZ)= det(A[S])z s , 

SC{l,...,ra} 

is stable (Hurwitz stable), so supp(det(7 + ZA)) = T . □ 
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The general form of the Heilmann-Lieb Theorem [14] is the following. 

Theorem 4.4 (Heilmann-Lieb). Let G — (V,E) be a graph, V = {1, . . . , n}. To 

each edge e — ij G E assign a non-negative real number Xij . Then the polynomial 

Mg{z) = X! II hjZiZj 

Mis a matching ij^M 

is Hurwitz- stable. 

As a corollary of the Heilmann-Lieb Theorem and Theorem 13.21 we get the fol- 
lowing result which is usually proved using augmented path arguments. 

Corollary 4.5. Let G = (V, E) be a graph and let T be the collection of subsets 
of V consisting of all S for which there is a matching of G covering precisely the 
elements of S. Then T is delta-matroid. 

Proof. The corollary follows from the Heilmann-Lieb Theorem (letting = 1) 
and Theorem 13.21 since supp(Mc(z)) = T. □ 

Let G — (E, V) where V = {1, . . . ,n} and let D(G) = (di, . . . , d n ) be the degree 
sequence of G. Here di is the degree of the vertex i. The polynomial 

e ^ = n a + «*) 

H=(F,V),FCE ij&E 

is clearly Hurwitz stable. As a consequence of Theorem 13.21 we get that 
{D(H) : H spanning subgraph of G} 

is a jump system. 

Let A be an r x n matrix with complex entries and let A* be its complex adjoint. 
By the Cauchy-Binet formula we have 

det(AZA*) = det ^^Zk(aikOjk)i<i,j<rj 

= I det^L[S]| V. 

se(N) 

Since {aika]k)i<i,j<r is positive semi definite, 1 < k < r, Lemma 14 . 1 1 gives that any 
matroid representable over C is the support of a real stable polynomial, see [3] for 
another proof. 

Let G = (V,E) be a graph with vertex set V = {l,...,n} and edge set E. 
Associate to each edge e g E a variable w e . If e connects i and j let A e be the 
n x n positive semidefinite matrix with the ii-entry and the jj-entry equal to 1, 
with the ij-entry and ji-entry equal to —1 and with all other entries equal to 0. 
The Laplacian, L(G), of G may be defined by 

L(G) = J2^eA e . 

Let 

f G (z,w) = det(L(G) + Z). 
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Thus, by Lemma 14. 11 fa is a multi-affine real stable polynomial with non- negative 
coefficients. The Principal Minors Matrix- Tree Theorem (see e.g. fTOj) says that 

f G (z,w) =J2z IO ° ts{F) w cdscs(F \ 

F 

where the sum is over all rooted spanning forests F in G, roots(F) C V is the set 
of roots of F and edges(F) C E is the set of edges used in F. Since the class of 
stable polynomials is closed under differentiation and specialization of variables at 
real values (see e.g. [Tj) we have that the spanning tree polynomial 

where the sum is over all spanning trees in G is real stable (which is widely known) . 
The support of Tq(w) is the graphic matroid associated with G. 

5. A Characterization of Real Stable Multi-affine Polynomials 

Here we will give a characterization of real stable multi-affine polynomials. First 
we will need some results on univariate stable polynomials and some results from 
[I]. Let ot\ < ot2 < • • • < Oi n and 0i < (3% < • • • < (3 m be the zeros of two univariate 
polynomials with real zeros only. The zeros are interlaced if they can be ordered 
so that ct\ < 0i < ct2 < P2 < • • • or (3\ < ct\ < (3% < ct 2 < ■ ■ ■ . Note that by our 
convention, the zeros of any two polynomials of degree or 1 interlace. It is not hard 
to see that if the zeros of h and g interlace then the Wronskian, W[g, h] = g'h — gh! 
is either non-negative or non-positive on the whole of R. Let g,h £ M[z]. We 
say that g and h are in proper position, denoted g <C h if the zeros of h and g 
interlace and W[g, h] < 0. For technical reasons we also say that the zeros of the 
polynomial interlaces the zeros of any (non-zero) real-rooted polynomial /, and 
write ^ / and / « 0. The Hermite-Biehler Theorem characterizes univariate 
stable polynomials, see [25] . 

Theorem 5.1 (Hermite-Biehler). Let f = h + ig G C[z] where h,g 6 R[z]. Then 
f is stable if and only if g <C h. 

Obreschkoff's Theorem describes linear pencils of polynomials with real zeros 
only, see [251125] . 

Theorem 5.2 (Obreschkoff). Let g,h 6 R[z]. Then all non-zero polynomials in 
the pencil 

{ah + Pg :a,/3ei} 
are real-rooted if and only if h <C g, g <C h or h = g = 0. 

We extend the notion of proper position to multivariate polynomials as follows. 
Two multivariate polynomials g, h S M.[z±, . . . , z n ] are said to be in proper position, 
denoted g <C h, if 

g(a + vt) < h(a + vt) (1) 
for all a € K n and v € K™. Note that for univariate polynomials the two defini- 
tions of proper position coincide. The Hermite-Biehler Theorem and Obreschkoff's 
Theorem have the following extensions to several variables, see [I]. 

Theorem 5.3. Let f = h + ig £ C[zi, . . . , z n ] where h,g 6 R[zi, . . . , z n ] . Then f 
is stable if and only if g <C h. 
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Theorem 5.4. Let h, g € R[zi, . . . , z n ] . Then all non-zero polynomials in the pencil 

{ah + Pg : a,0 G R} 

are real stable if and only if h <C g, g <C h or h = g = 0. 

By combining the previous two theorems we get. 

Corollary 5.5. Let f = h + ig 5^ where h, g G R[zi, . . . and ie< z n +i &e a 
new indeterminate. Then the following are equivalent. 

(a) f = h + ig is stable, 

(b) /i + z n -\-ig is real stable, 

(c) aH nonzero polynomials in the pencil 

{ah + f3g :a,/Jet} 

are rea/ stable and 

— (s). ff (a;)-ft(x).^(x) >0, 

/or all 1 < j < n and x £ R™ . 

Proof, (b) => (a): If /i + z„ + i3 is real stable, then in particular it is stable. Hence, 
since Im(i) > 0, we have that h + ig is stable. 

(a) =>• (c): If (a) is true then the statement about the pencil in (c) follows 
immediately from Theorem 15.31 and Theorem 15.41 Let v be a vector in R™ . Then, 
by ©, g(x+(ej+ev)t) < h(x+(ej+ev)t) soW[g{x+(ej+ev)t),h{x+(ej+ev)t)] < 
for all 1 < j < n and x € R™. Letting e-^Owe have by continuity that 

— (x) ■ g(x) - h(x) = -W(g(x + ej t),h(x + e,-i))| t=0 > 0. 

(c) (6): Fixing z n +i = a+ib, we have to prove that h+(a+ib)g — (h+ag)+ibg 
is stable whenever a G R and 6 G R+. If a, /3 G R then a(h + ag) + (3bg = 
ah + [aa. + b(3)g is either real-stable or identically zero by assumption. Since we do 
not have bg = h + ag = we have by Theorem [5T] that h + ag <C bg or bg -C /i + ag. 
Now, 

W(6ff(a + «t),/i(a + «t) + ap(a + ?;*)) = &VF(g(a + i>i), fo(a + vt)) 

dh dg 



n — 1 J J 



whenever a G R n , i> G R™ and i 6t. The conclusion now follows from Theorem 
Oand <(T]). 

□ 

Using this corollary we may characterize real stable multi-affine polynomials as 
follows. For / G C[zi, . . . , z n ] and 1 < i, j < n let 

9zj dzj dzidzj ^ ^ dzidzj ^ 

Theorem 5.6. Let / G R[zi, . . . , z„] fee multi-affine. Then the following are equiv- 
alent 

(1) for all andl <i,j <n 

Atf(/)(aO>0, 
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(2) / is stable. 

,A/T'i+-£i T oo t f-i _!_ n> ■ n tttVi ard J-i +1 , onrl /i _ 

dzi 



Proof. (2) (1): Write / as / = h + Ztg, where h = f\ Zi =o and g = Then 



so by Corollary 15. 51 (b) => (c) this direction follows. 

(1) => (2): The proof is by induction over n. Write / G M.[z\, . . . , z n+ {\ as 
f = h + z n+ ig. We want to apply Corollary [531 ( c ) =^ (b). Let a e I, i e K™ and 
1 < * , j < n . Then 

A ij(f\ Zn+1 =J( x ) = A ti(/)(^i. ■ ■ ■ >zn,a) > 0. 

By induction h + ag is real stable or /i + a<? = 0. This verifies the condition about 
the pencil in Corollary [53] (c). Also, 

^-(x) ■ g{x) - h(x) ~{x) = A J>+ i (/)(*) > 

for all x G R™ and 1 < j < n. This verifies the Wronskian condition in Corollarv l5.5l 
(c) which completes the proof. □ 

The above theorem is not true without the requirement that / is multi-affine. 
However, for non- multi-affine polynomials it is still true that (2) => (1). 

Example 5.7. Consider f(z\,z-i) = aoo + aoi z 2 + ^10^1 +011^1^2 € R^i,^]- Then 

Aia(/) = 



aoo ffl oi 
aio an 



so / is real stable if and only if det(ay) < 0. 

5.1. The non-multi-affine case. For the non-multi-affine case we may apply the 
Grace- Walsh-Szego Coincidence Theorem [T2J HH [33] ■ Let / G C[zi, . . . , z n ] be a 
polynomial of degree di in the variable z; for 1 < i < n. The polarization, V(f), is 
the unique polynomial in the variables {zij : 1 < i < n, 1 < j < di} satisfying 

(1) V{f) is multi-affine, 

(2) V{f) is symmetric in the variables zn, ■ ■ ■ Zid { for 1 < i < n, 

(3) If we let z^ = Zi for all i, j in V(f) wc recover /. 

A circular region in C is either an open or closed affine half-plane or the open or 
closed interior or exterior of a circle. 

Theorem 5.8 (Grace- Walsh-Szego). Let f G C[zi, . . . , z n ] be symmetric and multi- 
affine and let C be a circular region containing the points Ci , ■ ■ ■ , Cn • Then there 
exists a point ( 6 C such that 

/(Ci,...,CrO = /(C,...,0- 

From the Grace- Walsh-Szego Theorem we immediately deduce: 

Corollary 5.9. Let f G C[zi, . . . ,z n ] and let H be a half-plane in C. Then f is 
H -stable if and only ifV(f) is H -stable. 

Theorem 5.10. Let f G M[zi, . . . , z n ] be of degree d. Then the following are 
equivalent 
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(1) For all x G R d and 1 < i, j < d 

(2) / is stable. 

Remark 5.11. In the univariate case Theorem 15 . 101 gives a characterization of poly- 
nomials with real zeros only. Since the polarization of a univariate polynomial is 
symmetric we get a single equation in n — 2 variables, where n is the degree of the 
polynomial. This raises the problem of testing polynomial inequalities which are 
symmetric all variables and of degree at most two in each variable. It would also 
be interesting to compare this characterization with the classical [TSJ p. 203]. 

5.2. Balanced, Rayleigh and HPP Matroids. Feder and Mihail [5] introduced 
the concept of a balanced matroid in relation to a conjecture of Mihail and Vazirani 
[27] regarding expansion properties of one-skeletons of {0, l}-polytopes. Let Ai be 
a matroid on a ground-set E. For disjoint subsets I,JoiE let Aij be the minor 
of M obtained by contracting / and deleting J, 

Mj = {S \ I : S G M, I c S C E \ J}. 

Let Mj denote the number of bases of Mj and let 

Aij(M) := M{M) - M,..\r>. 

Feder and Mihail say that M is balanced if Aij(Mj) > for all i, j G E and all 
I,JCE. Motivated by a property of linear resistive electrical networks, Choe and 
Wagner introduced the notion of a Rayleigh matroid. Let M(z) :— ^2 B z B where 
the sum is over the set of bases of M. . Then M. is said to be Rayleigh if 

A t3 (M)(z) := Ml{z)M){z) - M l3 (z)M^(z) > 0, 

for all z G M" and i, j G E (\E\ = n). It follows that a matroid is balanced if it is 
Rayleigh. A matroid, yVf, is strongly Rayleigh if 

A l3 {M){z) := Ml(z)M](z) - M t] (z)M^(z) > 0, 

for all z G K" and i,j G E. A matroid M is HPP (half-plane property) if M(z) 
has the half-plane property. It was proved in [7] that a matroid is Rayleigh if it is 
HPP. We may now answer the following two open questions posed in [7] . 

Question 5.12 (Choe- Wagner). Are all HPP-matroids strongly Rayleigh? 

Question 5.13 (Choe- Wagner). Are all strongly Rayleigh matroids HPP? 

By Theorem 15.61 and the identity 

Aij(M)(z) = A^Miz)) 

both of these question have positive answers. 

Corollary 5.14. A matroid is strongly Rayleigh if and only if it is HPP. 
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Figure 2. The Fano matroid F 7 . 




6. The Fano Matroid 

Consider Figured] The set of bases of the Fano matroid, F7, is the collection 
of subsets of {1, ...,7} of cardinality 3 that are not on a line, i.e., all subsets 
of cardinality 3 except {1, 2, 3}, {3, 4, 5}, {1, 5, 6}, {1, 4, 7}, {2, 5, 7}, {3, 6, 7} and 
{2,4,6}. 

The Fano matroid is represented over a field of cardinality 2 by the matrix 

1 2 3 4 5 6 7 

" 1 1 1 1 " 
1 1 1 1 
1110 1 

This configuration of 7 lines is known as the Fano projective plane. The Fano 
matroid has more symmetry than Figure suggests. The automorphism group of 
the Fano matroid acts transitively on its point set, and on its line set. (In fact, it 
acts transitively on the set of ordered triples of non-collinear points.) 

We will in this section prove that the Fano matroid is not the support of a 
polynomial with the half-plane property. This is the first instance in the literature 
of a matroid which is not the support of an H -stable polynomial and answers 
Question 13.7 of [6]. 

Lemma 6.1. Let f = X)tc{i n } a (T)z T be a homogeneous multi-affine polyno- 
mial with the half-plane property. Suppose that S U 4- SU PP(/)- Then 

a(S U {*, k})a(S U {j, £}) = a{S U {», £})a(S U {j, k}) 

for all k, i G {1, . . . , n\. 

Proof. The coefficients of a homogeneous polynomial with the half-plane property 
all have the same phase, i.e., the quotient of two non-zero coefficients is always a 
positive number, see [H Theorem 6.1]. Hence we may assume that all coefficients 
are real and non-negative. 
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Figure 3. The graph G 67 . 




By considering fs,su{i,j,k,e} we may assume that S — so that 
/ = a({i, k})ziZ k + a({i, £})z t zg + a({j, k})zjZ k + a({j, £})zjZ£ + a({£, k})zgz k 
Then 

Ay (/) - (a{{i, k})z k + a({i, £})z e )j (a({j, k})z k + a({j, £})z e ^j . 
It follows that Aij (f)(x£, x k ) > for all X£,x k G K if and only if 

a({i,k})a({j,£}) = a({i,£})a({j,k}), 
which proves the lemma by Theorem 15.61 □ 

Lemma 6.2. Suppose that {i, j, x}, {i, j, y}, {i, k, x}, {i, fc, y} are different bases of 
F 7 . Then {i,j,k} g F? or {i,y,x} <£ F 7 . 

Proof. If {i, j, k} ^ Fj then the conclusion holds, so assume instead that {i, j, k} G 
F-j. If Fj has lines {i, j, p} F>j and {i, fc, q} F-j then no two of i, j, k,p,q,x,y are 
equal. It follows that {i, x, y} ^ i*Y is a line. 

□ 

Fix 1 < x < y < 7 and let G xy be the graph with vertex set 

V = {{i,j}:{i,j,x},{i,j,y}eB(F 7 )} 

and edges between sets that have non-empty intersection. Then G xy is connected, 
see Figure|31 Assume now that we have a real stable polynomial / = X)sgf 7 a(S)z s 
with supp(/) = Ff. The remainder of this section is devoted to deriving a con- 
tradiction under this assumption. Lemma HTT1 gives the following relations between 
the coefficients: Let a, 6, c be on a line and d, e G {1, . . . , 7} \ {a, 6, c}. Then 

a({a,b, d}) = a({a,c, d}) = a({b,c,d}) 
a({a,b,e}) a({a,c, e}) a({b,c,e})' 

Lemma 6.3. Let 1 < x < y < 7. The quotient 

a({i,3,y}) 

is the same for all {i,j} in G xy . 
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Proof. Since G xy is connected it suffices to prove that 

_ a({i,k,x}) 



(3) 



a({i,j,y}) a{{i,k,y}) 
whenever {i, j, x}, {i, j, y}, {i, k, x}, {i, k, y} G Fj. By Lemma [6.21 we have cither 
{i,j, k} (jz. Fy or {i,y,x} ^ Fj. In the first case we get by letting i,j,k,x,y — 
a, b, c, d, e in J2]) that 

a({i,3,x}) = a({i,k,x}) 
a({i,j,y}) a({i,k,y})' 
In the second case we have by letting i, y, x, j, k = a,b, c, d, e in ([2]) that 

a({hVJ}) = a({i,x,j}) 
a({i,y,k}) a({i,x,k})' 
which is equivalent to ©. □ 

For two distinct numbers x,y G {1, ...,7} let A^j, = a({i, j, x})/a({i, j, y}), 
where {i, j} G G xy . 

Lemma 6.4. Let x,y,z G {1, . . . , 7} be distinct. Then 

^xz — ^xy^yz 

Proof. If {x,y,z} G F7 then there are i,j such that {i, j,x}, {i,j,y},{i,j, z} G Ft. 
Hence, 

A = a({i,j,x}) _ a({i, j, ;/}) = 

a({i,j,z}) XJ/ yz ' 
If {x. y, z} Fj then for all u £ {x, y, z} we have {x, u, z}, {u, y, z} G P7. Hence 

A^yAy^A^y Ay_g 



A^y Ayjg . 



□ 



Lemma 6.5. There are positive numbers u,-, 1 < i < 7 and a complex number C 
such that 

a{{i,j,k}) = CviVjVk 

for all {i,j,k} G F 7 . 

Proof. Let = A-a, so that A^j, = v x /v y for all 1 < x, y < 7. Let A = fe} G 
F 7 , B = {£, m, n} G F7. If i = I and j = m then 

a (A) _ _ UiUjWfc 

— — 



a(-B) v e v m v n ' 

Otherwise, by the exchange axiom, there is a path 

A = A x -> A 2 -> • ■ • -> A p = S 
such that |Aj n = 2. Hence, 

o(A) _ o(Ai) a(Ap_i) _ WjWjWfc 



a(B) a(A 2 ) a(.Ap) vev m v n 

Consequently 
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does not depend on k. □ 

Theorem 6.6. There is no stable polynomial whose support is Fj. 

Proof. If there were such a polynomial then by the change of variables Zi i— > Z{j Vi 
and Lemma 1531 we would have that 

seF 7 

is stable. This is not the case, see [6]. □ 

7. Open Problems 

Can the technique in Section [S] be extended to other matroids besides the Fano 
matroid? In particular, can this technique be used to prove that the non-Pappus 
matroid is not the support of a polynomial with the half-plane property? Even 
better, can we characterize the matroids and jump systems that are supports of 
polynomials with the half-plane property in matroid theory terms? 

Question 7.1. Suppose that f £ C[zi,...,z„] is stable. Is there a Hermitian 
matrix H and positive semidefinite matrices Ai such that 

supp(/) = supp(det(2;iAi H h z n A n + H))l 

It is not true that every real stable polynomial in n > 3 variables can be written 
as det(ziAi + • • • + z n A n + H). However, it is likely that the class of such poly- 
nomials is large enough so that all supports of stable polynomials are supports of 
determinants of pencils of matrices. 

Question 7.2. Are all finite jump systems in N 2 supports of stable polynomials? 

When looking for ii-stable polynomials with a given support it is enough to look 
among the real stable polynomials. 

Proposition 7.3. Let f be a polynomial with the half-plane property. Then there 
is a real stable polynomial f with 

supp(/) = supp(/). 

Proof. By a rotation of the variables we may assume that / = h + ig, h,g £ 
R[zi, . . . , z n ] is stable. By Corollary 15.51 we h + z n+ \g is real stable, so h + ag is 
real stable for every a£l. Also, 

supp(fr + ag) = supp(/), 

for all but finitely many a G R. □ 
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